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Introduction
Amorphous polymers exhibit two mechanisms of localized plasticity: crazing and shear yielding. These are generally thought of separately, with crazing corresponding to a brittle response while shear yielding is associated with ductile behavior and the development of noticeable plastic deformation prior to fracture. Shear yielding is plastic flow localized in a shear band caused by the inherent strain softening after yield followed by rehardening at continued deformation. Crazing is also a mechanism of localized plasticity but at a different scale, and has a distinctly different appearance. Crazes are planar cracklike defects but unlike cracks, the craze surfaces are bridged with polymer fibrils resulting in some load-bearing ability. Following the presently available description of crazing, we present how it can be modeled by cohesive surfaces. The related constitutive response is written in terms of a traction-opening law which incorporates the stress-state dependence for initiation, the rate-dependent thickening during fibrillation, and the fibril breakdown for a critical craze thickness.
Most of the analyses of crazing found in the literature so far assume that the bulk surrounding the craze remains elastic. This assumption is certainly a limitation to the analysis of glassy polymer fracture, since crazing and shear yielding can appear simultaneously [1] . As both are rate-dependent processes, the competition between their kinetics for a given loading (defined by its level and rate) is expected to control which mechanism is developing first and dominates, thus defining a ductile or brittle response.
We present recent results on the analysis of the interaction between plasticity and crazing at the tip of a preexisting crack under mode I loading conditions. Illustrations of the competition between these mechanisms are obtained from a finite element model in which a cohesive surface is laid out in front of the crack.
As the loading rate increases, thermal effects need to be accounted for and the analysis is extended to a coupled thermomechanical framework. Evidence of a temperature effect in glassy polymer fracture is found (e.g., in [2, 3] ) with a temperature increase beyond the glass transition temperature T g . The influence of thermal effects on the fracture process is also reported.
Tensors are denoted by bold-face symbols, ⊗ is the tensor product, and · the scalar product. For example, with respect to a Cartesian basis e i , AB = A ik B kj e i ⊗ e j , A · B = A ij B ij , and C e B = C e ijkl B kl e i ⊗ e j , with summation implied over repeated Latin indices. The summation convention is not used for repeated Greek indices.
Viscoplastic Deformation of Amorphous Polymers
We present a constitutive model for amorphous polymers in their glassy state (T < T g ) when no crazing takes place (like in shear or in compression). The formulation is supplemented with a simple description of the material response when the temperature gets higher than T g , as found experimentally to occur at sufficiently high loading rates [2, 3] . Therefore, two descriptions of the viscoplastic response of amorphous polymers are used, depending on the temperature. The two viscoplastic processes are described within the same framework.
Following the original ideas of Haward and Thackray [4] , the threedimensional basis for modeling the deformation of glassy polymers is due to Boyce et al. [5] . The constitutive model is based on the formulation of Boyce et al. [5] , but we use a modified version introduced by Wu and Van der Giessen [6] . Details of the governing equations and the computational aspects were presented by Wu and Van der Giessen in [7] . The reader is also referred to the review by Van der Giessen [8] , together with a presentation of the thermomechanical framework in [9] .
The constitutive model makes use of the decomposition of the rate of deformation D into an elastic, D e , and a plastic part, D p , as D = D e + D p . Prior to yielding, no plasticity takes place and D p = 0. In this regime, most amorphous polymers exhibit viscoelastic effects, but these are neglected here since we are primarily interested in those of the bulk plasticity. Assuming the elastic strains and the temperature differences (relative to a reference temperature T 0 ) remain small, the thermoelastic part of the response is expressed by the hypoelastic law
where ∇ σ is the Jaumann rate of the Cauchy stress, and C e the usual fourthorder isotropic elastic modulus tensor. The coefficients K and α c are the bulk modulus and the coefficient of cubic thermal expansion, respectively. Assuming that the yield response is isotropic, the isochoric plastic strain rate D p is given by the flow rule
which is specified in terms of the equivalent shear strain rateγ p = √ D p · D p , the driving stressσ = σ -b, and the related equivalent shear stress τ = 1/2σ ·σ . The back stress tensor b describes the progressive hardening of the material as the strain increases and will be defined later on.
The equivalent shear strain rateγ p is taken from Argon's expression [10] γ p =γ 0 exp -
whereγ 0 and A are material parameters and T the absolute temperature (note that plastic flow is inherently temperature dependent through Eq. 3). In Eq. 3 the shear strength s 0 is related to elastic molecular properties in Argon's original formulation but is considered here as a separate material parameter. In order to account for the effect of strain softening and for the pressure dependence of the plastic strain rate, s 0 in Eq. 3 is replaced by s + αp, where α is a pressure sensitivity coefficient and -p = 1/3tr(σ ). Boyce et al. [5] have suggested a modification of Eq. 3 to account for intrinsic softening by substituting s 0 with s, which evolves from the initial value s 0 to a steady-state value s ss according toṡ = h(1 -s/s ss )γ p , with h controlling the rate of softening. The energy dissipation rate per unit volume is given bẏ
The resulting temperature rise will be accounted for in the coupled analysis to be presented in Sect. 5. The constitutive model is completed by the description of the progressive hardening of amorphous polymers upon yielding due to the deformationinduced stretch of the molecular chains. This effect is incorporated through the back stress b in the driving shear stress τ in Eq. 2. Its description is based on the analogy with the stretching of the cross-linked network in rubber elasticity, but with the cross-links in rubber being replaced with the physical entanglements in a flowing amorphous glassy polymer [5] . The deformation of the resulting network is assumed to be affine with the accumulated plastic stretch [6] , so that the principal back stress components b α are functions of the principal plastic stretches λ β as
in which e p α are the principal directions of the plastic stretch. In a description of the fully three-dimensional orientation distribution of non-Gaussian molecular chains, Wu and Van der Giessen [6] showed that b can be estimated accurately with the following combination of the classical three-chain model and the eight-chain description of Arruda and Boyce [11] :
where the fraction ξ = 0.85λ/ √ N is based on the maximum plastic stretch λ = max(λ 1 , λ 2 , λ 3 ) and on N, the number of segments between entanglements. The use of Langevin statistics for calculating b α implies a limit stretch of √ N. The expressions for the principal components of b 3-ch α and b 8-ch α contain a second material parameter, the initial shear modulus C R = nk B T, in which n is the volume density of entanglements (k B is the Boltzmann constant). Based on a study of the temperature dependence of strain-induced birefringence in amorphous polymers, Raha and Bowden [12] suggested that the thermal dissociation of entanglements can be described by
In the above expression, E a is the dissociation energy, R is the gas constant, and B and D are material parameters. Such evolution of the entanglement density is used to model a reduction of the hardening with temperature. As pointed out by Arruda et al. [13] , this evolution law is subject to the side condition nN = constant in order to keep the number of molecular links constant. Therefore, the back stress according to Eq. 5 is also temperature dependent through N(T) and C R = n(T)k B T. The material parameters B and D are estimated here from the assumption that the back stress vanishes as the temperature approaches T g , resulting in n(T g ) = 0 so that B/D = exp(-E a /RT g ). The formulation above is assumed to hold for temperatures up to the glass transition T g . For T > T g , most studies found in the literature focus on the description of the molten state [14] due to its practical importance, while little attention is paid to the response of glassy polymers in the rubbery state, near T g . For strain rates larger than 1 s -1 , the mechanical response of the molten material is non-Newtonian for most polymers and described by τ = ηγ m , where η and m are material parameters. We assume that this non-Newtonian response prevails as soon as T g is exceeded. Hence, within the same framework as used below T g , the equivalent plastic strain rate (Eq. 3) is replaced bẏ
In this expression, η as been substituted for convenience by η = s 0 / ℵγ 0 m with s 0 andγ 0 being below-T g parameters in Eq. 3, and ℵ a nondimensional constant. The deformation in the molten state is generally believed to involve chain slippage and temporary entanglements between the moving chains resulting in the non-Newtonian viscosity [14] . The details of the deformation process are lumped into the parameters η (or ℵ) and m so that no back stress contribution is considered above T g :σ ≡ σ and τ = √ 1/2 σ · σ. The exponent m is observed to vary between 0.3 and 1 for molten polymers [14] but for those exhibiting a marked non-Newtonian response like most glassy polymers, m ranges from 0.3 to 0.5; the value m = 0.4 is adopted here. For a given temperature, the evolution of the viscosity η with increasing strain rate is observed to decrease from a Newtonian value η 0 at low strain rates to a level five or six decades smaller [14, 15] . For a temperature around T g , the value of η 0 can be estimated from [15] to be of the order of some megapascals for materials like PMMA or PC. A smaller value is expected in the non-Newtonian regime so that for temperatures above T g , a constant value of η = 0.35 MPa (ℵ = 0.02) is used to describe the material response in the molten state. With this simple description, we only aim at being able to continue our calculations if the temperature exceeds T g locally, which may happen during crack propagation at high loading rates. We need to keep in mind that we are primarily concerned with temperatures below T g , and the incorporation of more sophisticated models as found in [14, 15] is out of the scope of the present investigation. Figure 1 shows the response to simple shear that is obtained with the constitutive model described above under isothermal and adiabatic conditions, Fig. 1 Mechanical response of SAN to simple shear at an applied strain rate of 10 -2 /s and 10 -4 /s for isothermal or adiabatic conditions (solid and dashed lines, respectively). The temperature increase delays the hardening for a strain rate of 10 -4 /s which vanishes for 10 -2 /s. In this case, the material reaches the glass transition temperature and enters the rubbery state resulting in a small load-bearing capacity i.e., when the viscoplastic energy dissipation converted into heat as
in whichḊ is defined in Eq. 4, ρ is the mass density, and c v the specific heat. The temperature increase reduces the rehardening due to the back stress tensor b since the entanglement density n decreases with increasing temperature (see Eq. 7), thus resulting in a higher maximum stretch √ N of the molecular strands.
The material parameters used are given in Table 1 and are representative of SAN. The parameters involved in adiabatic analyses (Eq. 9) are reported in Table 2 and are expected to be representative for glassy polymers. For the lowest shear strain rate of 10 -4 /s, adiabatic conditions moderately affect the orientational hardening which appears for a slightly larger deformation. As the loading rate is about 10 -2 /s or higher, the final hardening is suppressed Table 1 The set of parameters used for the description of the bulk response representative of SAN at room temperature supplemented with ℵ and m involved in the description for 
Crazing
Since early investigations of glassy polymer fracture, as reviewed in [16] , crazing has been recognized as the mechanism preceding the nucleation of a crack. The major advances in the description of the crazing process are thoroughly examined in two volumes of the present series [18, 19] . The mechanism of crazing involves three stages (see [16] [17] [18] [19] ): (1) initiation, (2) thickening of the craze surfaces, and (3) breakdown of the craze fibrils and creation of a crack. The description presented here is phenomenological since the model is motivated by the mechanical considerations, and the molecular aspects (e.g., the molecular weight or the entanglement density) are generally not incorporated. Because crazing is a precursor to failure, pioneering studies on crazing have focused on the conditions for craze initiation. Later on, estimation of the toughness motivated examination of the craze thickening and the conditions for craze breakdown.
We present the major results established in the description of crazing and the recent developments in this field. Crazing has been investigated within continuum or discrete approaches (e.g., spring networks or molecular dynamics calculations to model the craze fibrils), which have provided phenomenological or physically based descriptions. Both are included in the presentation of the crazing process, since they will provide the basis for the recent cohesive surface model used to represent crazing in a finite element analysis [20] [21] [22] . 
Craze Initiation
The physical mechanism for craze initiation is not yet clearly identified, and various criteria have been proposed depending on the assumed mechanism and length scale for its description. Experimentally, one observes an incubation time for craze formation when a constant stress smaller than approximately half of the yield stress is applied. The total number of craze nuclei reaches a saturation value which increases with applied stress [16, 23] . For these stress levels, the incubation time can be greater than 100 s and this time decreases with increasing stress. Above half of the yield stress, the incubation time becomes negligible [23] . Based on these observations and borrowing some ideas for ductile failure in metals, Argon and Hannoosh [23] developed a sophisticated criterion for time-dependent craze initiation, which includes a negligible influence of time when the stress level is larger than half the yield stress. In this case the criterion reduces to
in which σ max and σ min refer to the maximum and minimum principal stresses, σ m = 1/3tr σ is the mean stress, A and C are material parameters, Q = 0.0133 is a factor controlling the dependence of the critical shear stress on the mean stress, and σ y is the tensile yield stress of the material [23] . It is shown in [20] that the criterion (Eq. 10) shows predictions for craze initiation under tension similar to those provided by a formulation based on stress bias conditions as used by Sternstein [24, 25] . The stress bias criterion [24, 25] refers implicitly to two mechanisms of microvoid formation in a dilatational stress field and stabilization of the microvoids through a deviatoric stress component and local plasticity. Its definition is
in which σ b is a stress bias depending on the first stress invariant I 1 . Crazing initiates for a positive I 1 and the plane of craze initiation is perpendicular to the direction of maximum principal stress σ 1 . Sternstein et al. [24] derive the above expression from experiments in which crazing initiates in the vicinity of a hole drilled in a thin plate of PMMA, for which the principal stresses are
In a subsequent analysis on thin cylinders under combined tension and torsion loadings, the above formulation is observed to agree with experimental observations of craze initiation when σ 1 > σ 3 = 0 > σ 2 , with σ 2 being the smaller stress in this case. This is pointed out by Oxborough and Bowden [26] , who suggested a definition of a critical strain as ε c ≥ X + Y/σ m , which is also hydrostatic stress dependent. This criterion can be reformulated for an elastic material with ν being the Poisson's coefficient and E the Young's modulus as
where X = EX and Y = EY. The criteria (Eqs. 11 and 12) are similar and are derived from studies on materials that are elastic at initiation of crazing, while more ductile materials like polycarbonate show a more pronounced sensitivity to the hydrostatic tension. This has been found experimentally by Ishikawa and coworkers [1, 27] for notched specimens of polycarbonate. Crazing appears ahead of the notch root, at the intersection of well-developed shear bands. From a slip line field analysis, the tip of the plastic zone corresponds to the location of the maximum hydrostatic stress. This has been confirmed by Lai and Van der Giessen [8] with a more realistic material constitutive law. Therefore, Ishikawa and coworkers [1, 27] suggested the use of a criterion for initiation based on a critical hydrostatic stress. Such a stress state condition can be expressed by Eq. 11 with σ b = 0 and I cr 1 = B 0 /A 0 . Thus, the criterion (Eq. 11) can be considered general enough to describe craze initiation in many glassy polymers. For the case of polycarbonate, a similar criterion is proposed in [28] as (13) in which σ cr 1 is the maximum principal stress, and A and B are material parameters. The criterion (Eq. 13) is indeed very similar to Eq. 11 or Eq. 12. As long as a better fundamental understanding of craze initiation is pending, the choice of which criterion to adopt is essentially dependent on the ability of capturing experimental results.
Craze Thickening
Descriptions of craze thickening are based on the observed crazes at the tip of a stationary crack for creep tests [29, 30] and on observations of crazes in thin films by transmission electron microscopy (TEM) or small-angle X-ray scattering (SAXS) [31, 32] .
Döll and coworkers [29, 30] used interferometry to measure the evolution of craze length and craze thickness with time under constant load. By using the Dugdale plastic zone [33] concept for the description of the craze at a stationary crack tip, the craze thickness and the craze length were observed to increase slightly up to 10 5 s and markedly for larger loading times [29, 30] . The craze stress acting on the craze surfaces derived from the Dugdale analysis was observed to decrease with time while thickening continued [29, 30] , thus suggesting that crazing is a time-dependent process. Before details of the craze microstructure provided by TEM [34] or SAXS [35] were available, extension of craze fibrils was thought to proceed by creep [16] . If the latter mechanism is operating during craze thickening, it would result in a variation of the craze density along the craze length, since the craze material just after initiation is expected to have a higher density than that in regions with longer craze fibrils. Such a variation of the volume fraction of the craze is not seen in TEM observations of crazes in thin films [31, 32] . Instead, it has been found that the craze microstructure consists approximately of cylinders with a diameter D ≈ 5-15 nm for "mature" fibrils, while those at the craze tip are thought to have an initial diameter of D 0 ≈ 20-30 nm, depending on the material [31, 32] . Following Kramer [31, 32] , the diameter D 0 of the primitive fibrils is assumed to be approximately the fibril spacing in Fig. 2 .
These observations appear to be in contradiction with a creep mechanism for craze fibrillation, and the currently accepted description refers to the drawing-in mechanism due to Kramer [31, 32] . Kramer argued that fibrillation takes place within a thin layer (about 50 nm) at the craze/bulk interface, in which the polymer deforms into highly stretched fibrils similar to the mechanism of drawing of polymer fibers, as illustrated in Fig. 2 . Craze thick- ening is then a consequence of large viscoplastic deformations inside this "active" plastic zone at the craze/bulk interface. During fibrillation, stretching of the polymer chains is thought to be combined with chain scission and disentanglement along a plane of separation located at the top of the craze void. Craze fibrils are not only made of parallel cylinders perpendicular to the craze surfaces, but also of lateral cross-tie fibrils which connect the main fibrils. Kramer and Berger [32] suggested that these cross-tie fibrils originate at the plane of separation, when disentanglement is not complete so that fibrillation results in a chain that belongs to two main fibrils.
The deformation of the polymer within a thin active zone was originally represented by a non-Newtonian fluid [31] from which a craze thickening rate is thought to be governed by the pressure gradient between the fibrils and the bulk [31, 32] . A preliminary finite element analysis of the fibrillation process, which uses a more realistic material constitutive law [36] , is not fully consistent with this analysis. In particular, chain scission is more likely to occur at the top of the fibrils where the stress concentrates rather than at the top of the craze void as suggested in [32] . A mechanism of local cavitation can also be invoked for cross-tie generation [37] .
More work on a detailed description of the fibrillation process is needed to clarify the underlying mechanism and its relationship with molecular aspects, such as the entanglement density or the molecular mobility. Nevertheless, based on the observations reported by Döll [29, 30] of time-dependent craze stress and Kramer's [31, 32] description of fibrillation involving an active plastic zone, one can conclude that craze thickening is a viscoplastic process.
Craze Breakdown
Following the studies on craze initiation, several efforts have focused on the description of glassy polymer fracture, and especially on the characteristics of a craze developed at a crack tip. Kambour [16] has shown that the length and thickness of a craze developed at the tip of a preexisting crack can be measured by interferometry and quantitative predictions have been reported in [29, 30, 38] .
The measure of the craze shape ahead of a propagating crack by Brown and Ward [38] appears consistent with the geometry of the "plastic" zone according to a Dugdale [33] model of a craze. For a precracked specimen under the remote load σ ∞ (Fig. 3) , the craze is represented by a plastic zone similar to a strip at the tip of the crack. The profile of the plastic zone varies from zero at the location (a + Λ c ) to the value ∆ cr at the crack tip.
Typical values for crazes in glassy polymers [29, 30, 38 ] are a few microns in thickness and tenths of millimeters in length. The measures of ∆ cr and Λ c are used by Brown and Ward [38] to estimate the toughness and the craze 208 R. Estevez · E. Van der Giessen Fig. 3 Schematic of the Dugdale model. The plastic zone is modeled by a strip subjected to a constant normal stress σ c . The length of the crack is 2a and the size of the plastic zone ahead of the crack tip is Λ c stress. On the other hand, the observation of a constant critical thickness ∆ cr at the tip of a running crack [29, 30, 38] has motivated the definition of a fracture criterion based on this parameter for crack propagation (e.g., in [39, 40] ). In PMMA with a high molecular weight (M w = 2 × 10 6 g/mol), the measured critical craze thickness [41] at the tip of moving cracks is observed to be approximately constant for crack velocities ranging from 10 -8 mm/s to 20 mm/s, so that the crack velocity moderately affects the critical craze opening.
Depending on the material, a critical molecular weight for the observation of a stable craze has been found, for PMMA [29, 30] and for PC [42] . Below this critical value, crazes are not seen by interferometry and the material is very brittle. The molecular weight has to be sufficiently large (about M w = 3 × 10 5 g/mol for PMMA and M w = 12 × 10 3 g/mol for PC) for the development of a stable craze. The critical craze thickness and craze length (∆ cr and Λ c ) are also temperature dependent [29, 30, 43, 44] and this effect is amplified with increasing molecular weight [29, 30] .
Based on the description of craze thickening due to Kramer et al. [31, 32] , Schirrer [45] proposed a phenomenological viscoplastic formulation for the "fibril drawing velocity" similar to the Eyring model as
in which σ c is the craze stress and σ V a reference stress (so that 1/σ V refers to some activation volume). The maximum craze thickness is obtained by integration of the thickening velocity in Eq. 14 up to a critical time or "lifetime" for the fibrils inside the craze. The lifetime is determined experimentally as τ 0 = Λ c /ȧ, in which Λ c is the craze length andȧ the crack velocity. This parameter is assumed to be stress dependent as ) similar to that of the fibril drawing velocity in Eq. 14. From the lifetime τ 0 in Eq. 15 and the fibril drawing velocity (Eq. 14), the craze maximum thickness is [45] 
for a constant craze stress. As the critical craze thickness results from the product of the craze thickening rate (Eq. 14) and the lifetime (Eq. 15), we can notice that if the craze stress σ c is rate independent, the expression of ∆ cr in Eq. 16 is constant, while a rate-dependent craze stress results in a ratedependent ∆ cr , as long as σ V and σ t are different. For PMMA, Schirrer [45] indicates that these quantities are very close to each other so that a constant critical craze thickness is derived from Eq. 16. The origin of the craze fibril breakdown is lumped into the definition of the critical craze thickness or in the lifetime τ 0 due to Schirrer [45] , the latter formulation including some rate dependence in ∆ cr through Eq. 16. The more recent developments in the description of crazing have addressed the physical origin of the critical craze thickness ∆ cr and the features governing its value. Kramer and Berger [32] proposed that craze thickening continues until the entanglement reduction during fibrillation is critically enhanced by the presence of a flaw or a dust particle. Thus, the load-bearing ability locally vanishes and results in a stress concentration. The local increase of the stress triggers the breakdown of the surrounding fibrils and crack propagation within the craze strip. This process involves a statistical analysis presented in [32] but this interpretation neither refers to intrinsic properties nor does it account for the influence of cross-tie fibrils.
Brown [46] demonstrated the importance of the fibrils interconnecting the main fibrils, and a two-scale analysis of the craze strip is considered as presented in Fig. 4 . In a Dugdale description (Fig. 4a) , the craze zone is subjected to the constant stress σ c and crack propagation occurs for the critical thickness ∆ cr . At the smaller scale represented in Fig. 4b , the craze zone is regarded as a very long strip of thickness δ f containing a crack. This strip is assumed to be subjected to the remote uniform stress σ c in the region of the craze-crack transition. The analysis of this local problem aims to estimate the stress distribution within this craze zone and the conditions for crack propagation in terms of strip thickness δ f , and critical stress for fibril breakdown.
The craze is modeled by an elastic anisotropic medium with Young's moduli E 1 and E 2 corresponding to the stiffness of the cross-tie and the main fibrils (E 1 E 2 ). As the strip thickens along the direction 2 ( Fig. 4b) , the elastic energy density W is stored so that the energy release rate at failure 210 R. Estevez · E. Van der Giessen 
( 1 7 ) Brown suggested the use of Eq. 17 together with the energy release rate estimated for an edge-loaded elastic anisotropic specimen as [46, 47] 
to provide an estimate of the stress intensity factor K I of the local problem. By considering the main fibrils approximately as cylinders of diameter D [31, 32] , the estimation of the stress at distance D/2 from the crack tip is σ 22 (D/2) = K I / √ πD so that the effective stress acting on the closest fibril to the crack tip is
in which λ accounts for the isochoric transformation between primordial fibrils to mature fibrils, which results in a reduction of the fibrils' cross-sectional area [31, 32] (the fibril volume fraction is v f = 1/λ). The condition for craze fibril breakdown corresponds to σ cr f = λν s f b in which ν s is the surface density of entangled chains and f b the force required for chain breakage. From Eq. 19, the corresponding critical thickness δ f cr for fibril breakdown is estimated from the material parameters (λ, ν s , f b ). The connection between the two analyses comes from the thickness of the fibrillated structure δ f , the thickness of the initial uncrazed strip δ 0 , and the corresponding displacement of the craze surface ∆ c of the Dugdale problem as [31, 34, 46] δ f = λδ 0 = ∆ c + δ 0 . At the onset of craze fibril breakdown, the latter relationship yields ∆ cr = δ f cr 1 -v f , in which ∆ cr is the critical craze opening of the Dugdale problem and δ f cr the critical thickness of the craze strip. The energy release rate of the Dugdale problem in Fig. 4a is
which is distinct from the approximation used in Eq. 18 for the local problem which only aims to provide an estimate of the thickness δ f and the stress on the fibril at the crack tip. The toughness G c (Eq. 20) is related to material features such as the surface density of entangled chains in the fibrils ν s and the force for chain scission f b . The value of ν s depends on the amount of disentanglement induced by the fibrillation together with the "initial" entanglement density of the bulk.
Therefore, the parameter ν s provides an interpretation of the molecular dependence of the fracture toughness with molecular weight reported by Döll [29] : fibrillation involves chain scission which can result in a vanishing ν s for an already low molecular weight material to a constant value when stable fibrils are observed. The correlation between the toughness and the entanglement density as predicted by Brown in Eq. 20 has been observed experimentally by Wu [48] . The relationship between the craze stress, the parameters of the craze microstructure (E 1 , E 2 , and D), and molecular aspects of the polymer chain (flexibility, type of side group) are intensively discussed in the two reviews by Monnerie et al. in this volume, and molecular dynamics calculations devoted to this investigation are emerging [49, 50] .
Following Brown's analysis of the influence of the cross-tie fibrils on craze breakdown, several improvements at a length scale between standard continuum mechanics and molecular dynamics have been reported. Hui et al. [51] investigated the strip problem presented in Fig. 4b with different remote conditions: the uniform craze stress σ c is considered ahead of the crack tip only (x 1 > 0 with origin at crack tip) and σ c = 0 for x 1 < 0; and also a peak stress is used to represent a stress singularity at the crack/craze interface. Predictions of the stress level acting on the fibrils at the crack tip are provided, but the general trends in terms of entanglement surface density and force for chain breakage are similar to those of Brown [46] . Sha et al. [52] use a discrete network of springs to model the fibrils of the craze strip. As two types of springs are used to represent the main or the cross-tie fibrils, estimates of the anisotropic moduli assumed by Brown [46] in terms of the stiffness, the diameter, and the volume fraction of the fibrils are presented.
More recently, Sha et al. [53] pointed out the necessity of using a ratedependent drawing stress σ c as reported in [29, 30] . If only this depen-dence is included in Brown's model, the toughness in Eq. 20 would decrease with increasing craze stress, which is in contradiction with Döll's data [29, 30] . Therefore, Sha et al. [53] incorporated a rate-dependent critical craze thickness in order to capture the evolution of the toughness with crack velocity. However, the evolution of the critical craze thickness predicted in [53] decreases by a factor of five from low to fast crack velocities which is not fully consistent with experimental observations [29, 30] , thus indicating that the process of craze fibril breakdown needs to be further clarified.
In conclusion, cross-tie fibrils are important for the interpretation of the mechanism of fibril breakdown, and can explain the influence of the chain entanglement density and chain breakage on the toughness. The analysis of craze breakdown has also pointed out the need for a rate-dependent craze stress, as was already concluded from the craze thickening process. The critical craze thickness is very probably rate dependent as well, but the origin of this still has to be elucidated. Its value is approximately constant for a given temperature and molecular weight, and shows little variation (less than 20%) in PMMA for crack velocities varying over nine decades.
Cohesive Surface Model for Crazing
In glassy polymers, crazes have typical dimensions of microns in thickness to tenths of millimeters in length, so that one can generally neglect the craze thickness compared to the other relevant dimensions in the problem under consideration. Following the concept of a cohesive zone due to Needleman [54] , one can replace a craze by a cohesive surface, with constitutive properties that are based on the foregoing observations on crazing. Tijssens et al. [20] designed a cohesive surface which mimics the three stages of initiation, thickening, and breakdown. The methodology is illustrated in Fig. 5 with (a) the assumed craze structure, (b) the idealization of the craze process with the transition from initiation to craze thickening and ultimately to craze fibril breakdown and related crack nucleation, and (c) the description in terms of cohesive elements within a finite element framework. When crazing has not yet initiated, the cohesive surfaces are adjacent and there is no discontinuity across the plane under consideration. Once crazing has nucleated, craze thickening develops and the separation between the two cohesive surfaces results in an opening ∆ n . The traction vector σ n is energetically conjugate to ∆ n and the mechanisms underlying this process are lumped into a traction-opening law to be defined in the sequel. Once craze fibrils break down, a crack nucleates locally and this is accounted for by prescribing a vanishing traction on the corresponding location of the cohesive surface. 
Craze Initiation
Initiation is assumed to occur when a critical stress state is attained, according to one of the criteria reported in the literature as discussed in a preceding section. We choose to use the criterion formulated by Sternstein and Ongchin [24] to illustrate how it can be incorporated into the cohesive surface framework, which is flexible enough to account for another definition. The criterion is presented in Eq. 11 for a plane stress condition, with σ 1 the ma-jor principal stress and the first invariant, or 3σ m . Within the cohesive surface description as in Fig. 5c , we assume that the direction of the major principal stress corresponds to the normal direction so that σ 1 ≡ σ n in Eq. 11.
By assuming plane strain conditions as relevant for crack studies and taking the hydrostatic stress as σ m = 1/3(1 + ν)(σ 1 + σ 2 ) ≈ (σ 1 + σ 2 )/2, the criterion can be reformulated as [22] 
Since σ 1 is the major principal stress, we have σ n = σ 1 ≥ σ m = (σ 1 + σ 2 )/2 and the side condition that the normal stress has to exceed the hydrostatic stress for craze initiation is satisfied. Equation 21 defines a critical normal stress which appears to be hydrostatic stress dependent. As long as σ n < σ cr n (σ m ), crazing does not occur and when σ n reaches σ cr n (σ m ) crazing initiates. Once initiated, the craze thickens and the condition (Eq. 21) is no longer relevant.
Craze Thickening
As discussed in Sect. 3.2, once a mature fibril is created, further thickening occurs by a viscoplastic drawing mechanism which involves intense plastic deformation at the craze/bulk interface [32] . Instead of using a non-Newtonian formulation as in [32] or a formulation based on Eyring's model [45] , but on the basis of a preliminary study of the process [36] , the craze thickening is described with a similar expression as the viscoplastic strain rate for the bulk in Eq. 3 as [20] 
in which∆ c n is the craze thickening rate and∆ 0 , A c , and σ c are material parameters;∆ 0 characterizes the intrinsic mobility during the thickening process, A c controls the temperature dependence, and σ c is the athermal stress for craze thickening. The above expression is phenomenological and will be shown to be capable of capturing the main features of glassy polymer fracture. Of course, a physically based formulation would be preferable and could be incorporated when available.
Craze Breakdown
Craze breakdown is experimentally characterized by a critical craze thickness ∆ cr which is primarily dependent (Eq. 20) on the craze stress σ c , the force for chain scission f b , and the entangled chain density along the craze surface ν s . The craze stress σ c is assumed to be rate and temperature depen-dent (Sect. 4.2). As the entanglement density before fibrillation is temperature dependent (Eq. 7), the parameter ν s probably reveals temperature dependence. Experimental observations [29, 30] indicate that the temperature can significantly influence ∆ cr but the rate dependence can be neglected as a first approximation.
Therefore, the condition for craze breakdown is incorporated in the cohesive zone description by adopting a critical thickness ∆ cr that is just material dependent. We will briefly explore the influence of a temperature-dependent critical thickness in some nonisothermal calculations (Sect. 5.3) by letting the value of ∆ cr increase by a factor of two from room temperature to T g .
Such a phenomenological definition of the critical craze thickness ∆ cr hides much of the underlying physics. Further insight is expected to reveal how this parameter changes with loading rate as well as its temperature dependence, which could then be incorporated in the present framework.
Traction versus Thickening Law for the Cohesive Surfaces
The three stages of the crazing process discussed in the foregoing subsections are combined by the traction-opening laẇ
with∆ n the normal opening rate of the cohesive surface,∆ c n the thickening rate of the craze according to Eq. 22, and k n the elastic stiffness. The tractionopening law in Eq. 23 is used for the three stages of the crazing process. Prior to craze initiation,∆ c n is not relevant and Eq. 23 reduces toσ n = k n∆n , in which the stiffness k n has to be "infinitely" large to ensure that the elastic opening remains small and does not significantly affect the continuity of the fields.
When craze widening takes place, k n represents the elastic stiffness of the fibrillated craze structure. From experimental observations of crazes in thin films, Kramer and Berger [32] suggest that the early stages of fibrillation consist of the transformation of a primitive fibril into a mature fibril at a constant volume. Further fibrillation is due to the drawing process. By considering the primitive fibrils at craze initiation (Fig. 5b) as struts of diameter D 0 and height h 0 , their transformation into a mature fibril of diameter D with height h corresponds to h = λh 0 and D = D 0 /λ 1/2 , λ being the extension ratio. By assuming that ∆ n = h 0 at craze initiation, the stiffness of the primitive fibrils is [22] 
During this transformation from primitive to mature fibril, the force distribution acting on the craze/bulk interface remains constant so that σ f0 n = F/S 0 216 R. Estevez · E. Van der Giessen and σ f n = F/S, in which σ f0 n and σ f n represent the stress acting on the primitive and the elongated fibrils, respectively. By assuming that the elastic modulus of the fibrils, E f , remains constant, we obtain σ f0 n = E f ∆ n /h 0 and σ f n = E f ∆ n /h, from which we define the stiffness of the primitive fibrils at craze initiation and that of the mature fibril as
with λ = h/h 0 . Once the mature fibrils have formed, the craze consists of highly stretched coils. The overall instantaneous elastic stiffness of the craze, k n , is therefore assumed to arise primarily from the material freshly drawn into the fibrils. The stiffness is thus assumed to remain constant and equal to the limiting value k n = k 0 n /λ N according to Eq. 25, in which λ N = √ N is the maximum stretch of the polymer coil.
Prior to craze initiation, σ n < σ cr n (σ m ) in Eq. 21 and the stiffness has to be "infinitely" large to ensure that "no" separation occurs across the cohesive surface. We propose to use
in the traction-opening law (Eq. 23) for numerical convenience, in which σ m is the instantaneous hydrostatic stress. The stiffness k ∞ n in Eq. 26 becomes infinite when the mean stress vanishes and a limiting value is used when this happens, which is adjusted to about ten times the stiffness at craze initiation (Eq. 24). When crazing initiates, the stiffness evaluated from Eq. 26 and that from Eq. 24 are identical with k ∞ n prior to initiation, decreasing gradually to k 0 n . We illustrate in Fig. 6 the full traction response to a constant widening ratė ∆ n derived from Eq. 23. The three regimes of the craze process can be readily distinguished: 1. During the loading, the normal stress σ n increases but crazing has not yet initiated so that negligible thickening is observed. 2. After a short transition following craze initiation, the craze thickens and results in an opening ∆ n of the cohesive surface at approximately constant normal stress. 3. When the craze thickness attains the critical value ∆ cr n , craze fibrils break down and a microcrack nucleates with a related vanishing normal stress. During craze thickening, two trajectories are distinguished in Fig. 6 , depending on the prescribed widening rate∆ n of the cohesive surfaces. After initiation, if the cohesive surface widening rate corresponds to∆ n >∆ (2) craze widening with (2a) hardening-like response or (2b) softening-like response depending on the prescribed opening rate, and (3) craze breakdown at ∆ n = ∆ cr n is governed by the prescribed loading rate, while the craze thickening rate is determined by the craze fibrillation process (Eq. 22). The evolution of the traction-opening law as (2a) or (2b) is controlled by the competition between these two responses. As the area under the traction-opening curve corresponds to the energy dissipated by the crazing process, it also corresponds to the energy release rate for crack propagation. With this formulation, the rate dependence of the energy release rate arises from the rate dependence of the craze thickening process.
The foregoing formulation for crazing focuses on the description along the normal direction. The formulation of Tijssens et al. [20, 21] also accounts for a tangential component in the cohesive properties with a tangential traction σ t and a tangential displacement ∆ t being related bẏ
during drawing (Γ 0 and τ c are material parameters). From a numerical point of view, an initially large tangential stiffness is necessary to prevent tangential sliding along the cohesive surfaces. The aim in [20, 21] is to use this phenomenological description of the tangential deformation of the cohesive surface to investigate how a variation in the tangential load-carrying ability of the craze fibrils could affect crack propagation and the related resistance curve. This is shown to be of minor importance in [21] , but the framework is flexible enough to incorporate such an aspect when an appropriate description is available.
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Alternative Descriptions
Besides the cohesive surface framework presented here, other approaches to model crazing within a finite element formulation have been reported recently. Boyce et al. [55] define a thin craze element which accounts for craze initiation and craze thickening. Craze breakdown was not incorporated, since it was not of concern in the problem under investigation. In many aspects, this formulation resembles a cohesive surface development, but a standard continuum description is adopted which results in a stress-strain relation instead of a traction-opening law. Before crazing, the craze initiates in the craze (continuum) element, and the related thin layer has the properties of the bulk. When the condition for craze initiation is fulfilled within the layer, the thin bulk transforms into a primordial craze. The description of craze thickening uses also a rate-dependent formulation for the normal and the tangential components of the craze thickening, but the analysis is restricted to stable crazes and craze breakdown is not considered. Gearing and Anand [28] have also used a classical continuum approach to describe crazing. A viscoplastic stress-strain law is derived from an analysis of the material response in the presence of diffuse crazing. This can be justified as long as multiple crazing is observed, but becomes questionable when the loading conditions result in the development of a single craze as in mode I crack growth.
The cohesive surface description presented here has some similarities to the thermal decohesion model of Leevers [56] , which is based on a modified strip model to account for thermal effects, but a constant craze stress is assumed. Leevers focuses on dynamic fracture. The thermal decohesion model assumes that heat generated during the widening of the strip diffuses into the surrounding bulk and that decohesion happens when the melt temperature is reached over a critical length. This critical length is identified as the molecular chain contour.
Computational Analysis of Glassy Polymer Fracture
We present a finite element study which includes both shear yielding and crazing within a finite strain description. This provides a way of putting together all aspects of glassy polymer fracture: crazing and shear yielding but also thermal effects.
Problem Formulation
Lai and Van der Giessen [8] performed a finite element analysis of the crack tip plasticity of a mode I crack in glassy polymers, without accounting for crazing. They showed that due to the particular softening-rehardening of glassy polymers, plasticity develops in the form of shear bands. Plastic incompatibility at the shear bands' intersection results in an enhanced hydrostatic stress, the maximum of which is located along the crack symmetry plane. Since hydrostatic stress promotes craze initiation, as indicated in Eq. 11 or Eq. 12, it is expected that crazing appears preferentially along the crack symmetry plane.
Subsequently, Estevez et al. [22] incorporated a cohesive surface along the crack symmetry plane to permit the development of crazing together with bulk plasticity. They assumed bulk plasticity to remain confined near the crack tip so that the small-scale yielding framework is allowed. A single cohesive surface is used, but the framework allows cohesive surfaces to be embedded throughout the volume as performed in [20, 21] .
The boundary layer approach is used to investigate the mode I plane strain fields near the crack. The symmetry of the problem allows consideration of only half the geometry (see Fig. 7 ), which consists of an initial blunted crack of radius r t with traction-free surfaces along the crack. Along the boundary of the remote region at a distance R with R ≈ 200r t , the mode I elastic field at stress intensity factor K I is prescribed [8, 22] . Fig. 7 The small-scale yielding problem in which crazing is allowed along the crack symmetry plane with a plastic bulk. The boundary conditions of the coupled thermomechanical problem are reported from [22, 57] A quasistatic finite strain analysis is based on the rate form of the principle of virtual work,
in which V and ∂V denote the volume of the region in the initial configuration and its boundary, and where S c is the cohesive surface in the current state. In Eq. 28, π is the second Piola-Kirchhoff stress tensor, T the corresponding traction vector, and η and u are the conjugate Lagrangian strain and displacement vectors, respectively. The governing equations are solved for each increment, with the term within the square brackets being an equilibrium correction [7, 20] . Basu and Van der Giessen [9] extended the above isothermal formulation to account for thermal effects associated with the heat dissipated by plastic dissipation of the bulk and from the craze process. The plastic energy dissipation rate per unit volume is specified in Eq. 4, so that the energy balance inside the material can be written as
with k the isotropic heat conductivity in accordance with Fourier's law, c v the specific heat, and ρ the mass density.
There is a second source of energy dissipation, namely the fibrillation process during craze thickening [57] . Per unit of area, the dissipation amounts to σ n∆ c n and represents a heat flux q =-k∇T into the system through the surface of the cohesive zone. If crazing has not initiated, there is no heat flux across the symmetry plane x 2 = 0. Once crazing has nucleated, craze thickening takes place and the above heat flux normal to the craze surfaces is considered. The energy balance (Eq. 29) is then subjected to the following boundary conditions on the cohesive surfaces:
and all others boundaries are insulated. The heat equation (Eq. 29) is coupled to the equations governing the mechanical response through the temperature dependence of the bulk viscoplastic strain rate (Eq. 3), the craze thickening rate (Eq. 22), and the thermal expansion in Eq. 1. The system of differential equations resulting from the finite element discretization of the energy balance in [9] is modified [57] to include the heat flux vector D c from the crazing process as follows: (31) in which Θ is the vector of nodal temperatures and D b is the heat source vector due to plastic dissipation in the bulk. The matrices E and F depend on the properties (ρ, c v ), and k, respectively [9] . Equation 31 is integrated in time by an unconditionally stable central difference scheme and the same finite element mesh is used as for the mechanical part (Eq. 28). The coupled problem is handled in a staggered manner as in [9] .
Isothermal Analysis
To illustrate the influence of the craze thickening kinetics on fracture, two sets of craze parameters are used and listed in Table 3 . The two sets are borrowed from [22] (cases 8 and 1) and named here A and B. In Fig. 8 , we report the plastic strain rate distribution observed near the crack tip. This variable is suitable to track the development of plasticity and is normalized withΓ 0 =K I /s 0 √ r t as a reference strain rate at the tip of the notch (the radius is r t = 0.1 mm and T = 293 K). We compare the cases for which no crazing is considered (Fig. 8a) to those where crazing is accounted for (Fig. 8b) , with the set A of craze parameters in Table 3 . When crazing is not present and at the particular loading rate considered, plasticity develops in the form of shear bands which originate from the tip of the notch, where the stress concentrates. Figure 8b shows the plastic strain rate distribution at the same load level but with crazing accounted for and developing along the crack symmetry plane. For this case, the craze initiates at the notch root and propagates forward. The comparison between the two distributions shows that crazing reduces the amount of plastic deformation necessary to accommodate the same loading. The distribution shown in Fig. 8b corresponds to the instant prior to the first fibril breakdown. Once this starts, a crack is quickly formed inside the craze and rapid crack propagation takes place, so that the load at this stage can be considered as the critical stress intensity factor. This observation of the craze profile indicates that craze breakdown initiates at the Table 3 The sets of craze parameters used in this study; the only difference originates from A c and hence the sets exhibit different craze thickening kinetics (from [22] ) point where currently most active shear bands intersect, thus providing an example of how the competition or interaction between shear yielding and crazing can take place. Since both shear yielding and crazing are viscoplastic processes, these mechanisms are also interacting or competing with the loading rate. This is illustrated in Fig. 9 in which the same problem is examined but at a loading rate 120 times higher. In the absence of crazing (Fig. 9a) , we observe that shear yielding is more localized than in Fig. 8a . Since the loading rate has increased, the viscoplastic process in the bulk requires a higher loading level for accommodation to be possible; hence, for a comparable loading level, the plasticity appears to be reduced with increasing loading rate. This effect is still observed in the presence of crazing, but the rate dependence of craze thickening also needs to be considered. As a consequence of both processes, the plasticity developed prior to the onset of fibril breakdown in Fig. 9b is significantly reduced. This also affects the craze profile which is thicker at the tip of the notch in this case, and leads to the crack nucleating at the tip. The critical stress intensity factor is smaller than that of the low loading rate (Fig. 8) .
The influence of the loading rate can be represented in terms of the resistance curves shown in Fig. 10 , which present the loading level versus the length of the craze and the crack. Once the craze initiates, the load-bearing ability of the craze allows for some R-curve behavior. At the onset of craze breakdown, crack propagation takes place in an unstable manner, as indicated by the constant load level during crack propagation. This steady-state value is taken as the critical stress intensity factor for the corresponding loading rate. For the set of bulk and craze parameters used here, we observe in Fig. 10 that increasing the loading rate results in a decrease of the critical 224 R. Estevez · E. Van der Giessen toughness. In this case, the material shows a ductile-to-brittle transition with increasing loading rate. The results are now considered using the craze parameter set B of Table 3 . This set differs from the previous one by the value of A c which is three times smaller. From the definition of the craze thickening rate (Eq. 22), a smaller A c value corresponds to a higher thickening rate for a given normal stress. The consequence of a different craze thickening rate is investigated by varying the loading rate within the same range. The resistance curves are shown in Fig. 11 . It is observed that the critical stress intensity factor increases with increasing loading rate. In this case, the bulk response is primarily elastic except at the lowest loading rate, in which some plastic deformation emerges at the onset of crack propagation (see Fig. 12a ). We notice that shear bands are not originating from the notch tip but away from the crack plane. For set B, craze thickening is faster and the craze critical thickness is attained at K I / s 0 √ r t ≈ 1.32, which is significantly smaller than the value K I / s 0 √ r t ≈ 1.71 for set A. During crack propagation, some plasticity confined to the craze/crack interface is observed (Fig. 12) but the bulk remains mostly elastic. Therefore, the craze parameters B of Table 3 result in a more brittle response compared to that predicted for the craze parameters A (see Fig. 8b ).
The toughening observed in Fig. 11 with increasing loading rate is quite surprising from a standard fracture mechanics point of view on the fracture of viscoplastic materials: increasing the loading rate results in less energy dissipated by plasticity and a more brittle response is expected (if the failure process is assumed to be rate independent). One could also invoke a failure criterion based on a critical crack opening displacement (COD) argument, so that the toughness would increase with loading rate in the case of viscoelastic material. However, in glassy polymers, crazing precedes crack formation which is related to the fibril breakdown. The related parameter ∆ cr resembles a COD criterion, but the craze thickening rate (Eq. 22) governs the conditions for crack propagation at ∆ cr , independent of the bulk response.
To really understand the effect of the loading rate, we need to distinguish the three timescales introduced by (1) the loading rateK I , (2) the reference shear rateγ 0 in the bulk viscoplasticity of Eq. 3, and (3) the∆ 0 appearing in Eq. 22 for the crazing time dependence. This set implies two independent ratios. An increase of the loading rate is equivalent to a decrease of the bulk viscoplasticity since the ratioK I /γ 0 increases. Hence, it becomes immediately clear that the material response tends to be less viscoplastic. Furthermore, the ratioK I /∆ 0 increases when the loading rate increases, which is equivalent to a reduced craze widening activity for the same applied loading rate. Therefore, craze breakdown is delayed in time, thus leading to a higher K cr I . There is also the ratiȯ γ 0 /∆ 0 which is an indicator of the competition between shear yielding and crazing. If it increases, it means that the kinetics for shear yielding (γ 0 ) becomes faster than the crazing process and plasticity is promoted.
Therefore, increasing the loading rate results in (1) decreasing plasticity in the bulk and (2) increasing the load level at which craze fibrils break down. The first case is illustrated for the set A of craze parameters for which a ductile-to-brittle transition is observed, because the amount of plasticity prior to crack propagation is diminished as the loading rate increases. For set B, a toughening is observed with increasing loading rate because of the viscoplastic response of the craze thickening process while the bulk is essentially elastic. Both situations have been observed experimentally, with case A resembling the response of PC with blunted notches [1] while case B appears similar to the observations of the toughness increase with loading rate reported in [29, 30] for PMMA.
Estevez et al. [22] also investigated the influence of∆ 0 (Eq. 22) and the critical craze thickness ∆ cr . Increasing∆ 0 corresponds to an increase in the kinetics of craze thickening, so that the condition for craze fibril breakdown is reached earlier and plasticity is prevented, as expected from comparing the timescales. Increasing ∆ cr delays the condition for fibril breakdown and crack propagation. The load-bearing ability of the crazes is maintained for a larger craze thickness, which requires a higher load level before craze fibrils break down. Such an increase in ∆ cr can also promote plasticity, thus providing an additional increase of the toughness.
In conclusion, the cohesive surface description presented in the foregoing sections appears suitable for capturing a ductile-to-brittle transition with increasing loading rate, and for predicting a toughening effect when the bulk is essentially elastic. These trends are reported experimentally and a calibration of the parameters used in the cohesive zone description is presented in [64] .
Coupled Thermomechanical Analysis
Beyond the classical ductile-to-brittle transition, there is a second but opposite transition from brittle to ductile at even higher loading rates. This effect is observed for intermediate loadings between quasistatic and dynamic conditions [59] [60] [61] [62] . In this regime, noticeable temperature variations have been recorded prior to and during crack propagation [2, 3, 58, 59] . The temperature variations can originate from heat generated by plastic dissipation during crazing and/or shear yielding. The temperature increase recorded for dynamic crack propagation of PMMA is about hundred(s) of Kelvins [3, 59] , so that the temperature can exceed the glass transition temperature T g . It is worth noting that thermoelastic cooling by about -20 to -30 K prior to crack propagation has been evidenced by Rittel [58] .
As a first incursion into the thermomechanical analysis of the problem, we present recent results [57] in which only thermoplastic effects are accounted for. The related temperature variations appear larger than those from thermoelastic effects, and are expected to be of major importance in the competition between shear yielding and crazing. The influence of thermoelastic effects will be briefly discussed at the end of this section.
The coupled problem formulation is presented in Sect. 5.1. The loading rates for which thermal diffusion needs to be considered can be estimated for a one-dimensional problem as in [9, 57] . This leads to the nondimensional quantity κ which compares a characteristic timescale t 0 associated with the loading conditions to the time for heat to diffuse over a characteristic length L 0 as:
For κ 1, isothermal conditions prevail, while κ 1 when the situation is adiabatic. The characteristic timescale t 0 for the present study is defined as the time to attain the material toughness K cr I for a given loading rate, i.e., t 0 = K cr I /K I . The characteristic length L 0 is taken as the size of the plastic zone of a perfectly plastic material with yield stress s 0 so that L 0 = K I /s 0 2 [57] .
For κ ≈ 1, heat conduction needs to be accounted for and this condition results in the estimation oḟ
beyond which a coupled thermomechanical analysis is required. This value is obtained by taking a typical critical toughness of 1 MPa √ m/s and s 0 = 119.5 MPa; ρ, c v , and k are those of Table 2 . On this basis, we will consider loading rates betweenK I = 300 and 3000 MPa √ m/s, for which crazing initiates at the notch root and the effective yield strength of the material is so high that no significant shear yielding takes place. Higher loading rates would require the account of dynamic effects which therefore will not be considered. Figure 13 shows the temperature distribution for two different loading rates at the moment that breakdown of fibrils starts. Below these loading rates, the temperature rise is negligible when crack propagation takes place. The temperature distributions in Fig. 13 show that a noticeable variation is located along the faces of the craze, with heat generated during craze thickening diffusing into the material. No temperature rise appears at the craze tip, where further craze initiation occurs. Therefore, even though the craze initiation criterion [24, 25] (Eq. 11) involves temperature-dependent parameters A 0 and B 0 , initiation is not affected by heat generated by the crazing process itself. Figure 14 shows the craze growth resistance curves for the above loading rates together with that forK I = 30 MPa √ m/s from the isothermal analysis in Fig. 11 (K I = 900K 0 I ) [22] for which isothermal conditions prevail. As the loading rate increases, K cr I remains constant. Toughening caused by temperature effects is not observed, even when the local temperature increases at the highest loading rates.
The temperature distribution during crack propagation is shown in Fig. 15 . As the crack advances, the heat continues to diffuse along the normal to the craze surfaces but the size of the hot zone remains comparable to that of the craze thickness. The maximum temperature increase is located at the crack/craze interface, where the craze thickening and related heat flux into the bulk are maxima. At this location, the temperature reaches the glass transition temperature T g but plasticity is not enhanced in the bulk, which remains primarily elastic during crack propagation.
Experiments by Döll and Könczöl [29, 30] revealed that the critical craze thickness ∆ cr is temperature dependent in some cases. To get some feeling for its influence, we consider the case where ∆ cr varies linearly from its value at room temperature to twice that value at T g . As the loading rate increases, the temperature rise increases as well, and a higher ∆ cr n is observed. This has a direct influence on the resistance curves, yielding a higher K cr I as ∆ cr n (T) increases. This is demonstrated in Fig. 16 forK I = 3000 MPa √ m/s, for which K cr I increases by about 20%.
The temperature distribution at craze breakdown and during crack propagation is shown in Fig. 17 . As the crack advances, the temperature reaches the glass transition temperature at the location of the crack-craze transition, where plastic dissipation caused by craze thickening is maximum. However, this remains confined to a small volume around the crack-craze surfaces (see Fig. 17 ) so that no plasticity on a larger scale is promoted. These observations tend to invalidate the interpretation of the toughness increase with loading rate by Williams and Hodgkinson [63] . Their description is based on the idea that crack propagation switches from isothermal to adiabatic conditions when the loading rate increases from static to dynamic conditions. Heat is assumed to originate from crazing, and its diffusion around the craze surfaces is supposed to significantly reduce the yield stress of the bulk material surrounding the craze. Then, thermal effects are assumed to be large enough to promote plasticity in the bulk, which results in blunting of the crack. This picture has been named "thermal blunting".
From the present results, and as long as the crack propagates by a single craze, the calculations indicate that thermal blunting alone cannot be invoked as the explanation of the brittle-to-ductile transition observed at high load-ing rates. However, a temperature-dependent critical craze thickness may give a tendency in the correct direction.
In the vicinity of the crack tip, the local temperatures show a noticeable increase for loading rates higher thanK I = 300 MPa √ m/s. The heat generated by the craze thickening results in a hot zone around the craze surfaces, the extent of which is comparable to that of the craze thickness. In an investigation of thermal effects during crack propagation in PMMA, Fuller et al. [3] estimated the dimension of the hot zone normal to the crack path to be about 1-3 µm. The maximum thickness of a craze in PMMA has been estimated to be about 2-3 µm by Döll and Könczöl [29, 30] . Thus, from two separate experiments, the size of the hot zone normal to the crack path and the critical opening observed for PMMA are of the same order of magnitude. The corresponding quantities resulting from our calculations appear to be at least consistent with these observations. In addition, we observe that craze viscoplasticity is the major heat source during fracture once crazing has initiated, since the bulk remains primarily elastic.
The cohesive surface formulation for crazing implemented within a thermomechanical framework provides insight into the heat generation during crack propagation, and indicates that the temperature-dependent critical craze thickness can result in an increase in toughness, but the marked rise reported in [60, 62] probably has another origin. Here, we believe that dynamic effects need to be considered.
Bjerke and Lambros [59] have recently studied thermal effects generated during dynamic fracture by using a thermally dissipative cohesive zone laid along the crack symmetry plane of a preexisting crack within an elastic bulk. Various cohesive surfaces with rate-independent traction-opening laws were used, thus postulating different physical origins of the failure process. The best agreement with the measured temperature distributions was obtained with a formulation in which the normal stress drops with increasing thickening. However, the cohesive zone in [59] is much wider (about a millimeter) than the craze length reported under quasistatic conditions (hundred(s) of microns [29, 30] ). This suggests that the failure under dynamic conditions takes place by a different mechanism than that for quasistatic conditions, as evidenced by the need to use two cohesive zones. Evidently, the mechanisms underlying failure in dynamic fracture need to be clarified.
The cohesive surface considered in the foregoing is based on observations made under quasistatic conditions. In particular, the incubation time for craze initiation is neglected and a critical stress state for craze nucleation is used (Eq. 11). For dynamic loading, a time-dependent craze initiation criterion is to be included in the kinetics, since the characteristic timescale associated with the loading can be comparable to that involved in the craze nucleation process. If the time for craze initiation is accounted for, another timescale is involved in the competition between crazing and shear yielding that determines whether or not crazing takes place. Therefore, a switch from crazing to shear yielding may provide a possible interpretation of the transition from brittle to ductile at high loading rates.
In the present investigation, thermoelastic cooling has not been considered in the heat equation (Eq. 29), since its contribution is expected to be of minor importance when compared to that due to plastic dissipation of crazing or shear yielding. This point may be questionable for materials like PMMA or polystyrene, which exhibit a secondary transition temperature T β close to room temperature. Schirrer [45] has observed that a transition from single to multiple crazes operates when the temperature decreases below T β ; this also results in an increase in the toughness. In a study devoted to dynamic fracture of PMMA, Rittel [58] has shown that crack tip cooling of about 30 K precedes crack propagation. Therefore, for those glassy polymers having a secondary transition β operating close to room temperature, thermoelastic cooling could promote multiple crazing or inhibit craze initiation to promote shear yielding instead, again resulting in a higher fracture toughness.
Conclusion and Future Trends
A description of crazing with a cohesive surface appears appropriate for the crazes observed in glassy polymers, since the trends reported experimentally are quite well captured. The cohesive surface model distinguishes the three steps of crazing (initiation, thickening, and breakdown) and is flexible enough to incorporate more sophisticated formulations of one of these stages when available.
As the craze microstructure is intrinsically discrete rather than continuous, the connection between the variables in the cohesive surface model and molecular characteristics, such as molecular weight, entanglement density or, in more general terms, molecular mobility, is expected to emerge from discrete analyses like the spring network model in [52, 53] or from molecular dynamics as in [49, 50] . Such a connection is currently under development between the critical craze thickness and the characteristics of the fibril structure, and similar developments are expected for the description of the craze kinetics on the basis of molecular dynamics calculations.
From an experimental point of view, the analysis of crazing has focused on the description of the process along the direction normal to the craze surfaces, while the tangential displacement has received little attention. Some ideas have already been reported in studies devoted to craze modeling [20, 21, 55] , not least because it is necessary to complete the description. But also, it is necessary to gain more insight into this tangential mode because of its importance when crazing is analyzed in polymer blends or in more complex loadings than the popular mode I when crazing is concerned. How the tangential displacements affect craze thickening and/or breakdown is certainly one of the topics to be addressed in the future. The lateral load-bearing ability of cross-tie fibrils has already been of major importance in the mechanism of fibril breakdown. However, the way in which a lateral displacement affects the breakdown of craze fibrils remains to be clarified.
All these developments are contributing to the evolution of a physically based description of crazing, in which the methodology of cohesive surfaces provides the necessary scale transition from discrete to continuous descriptions.
